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Conservativeness criteria for generalized Dirichlet forms
Minjung Gim, Gerald Trutnau
Abstract. We develop sufficient analytic conditions for conservativeness of non-sectorial perturbations
of symmetric Dirichlet forms which can be represented through a carre´ du champ on a locally compact
separable metric space. These form an important subclass of generalized Dirichlet forms which were in-
troduced in [21]. In case there exists an associated strong Feller process, the analytic conditions imply
conservativeness, i.e. non-explosion of the associated process in the classical probabilistic sense. As an
application of our general results on locally compact separable metric state spaces, we consider a gen-
eralized Dirichlet form given on a closed or open subset of Rd which is given as a divergence free first
order perturbation of a symmetric energy form. Then using volume growth conditions of the carre´ du
champ and the non-sectorial first order part, we derive an explicit criterion for conservativeness. We
present several concrete examples which relate our results to previous ones obtained by different authors.
In particular, we show that conservativeness can hold for a large variance if the anti-symmetric part of
the drift is strong enough to compensate it. This work continues our previous work on transience and
recurrence of generalized Dirichlet forms.
Mathematics Subject Classification (2010): primary; 31C25, 47D07, 60J60; secondary: 60H30.
Key words: generalized Dirichlet forms, non-symmetric Dirichlet forms, conservativeness criteria,
non-explosion results, Markov semigroups, Diffusion processes.
1 Introduction
Conservativeness criteria for C0-semigroups of contractions, non-explosion criteria for Markov
processes and related problems are important topics both in analysis and probability theory.
These were hence studied by many authors under various aspects (see for instance [2, 4, 7, 8,
11, 15, 18, 20, 21, 23, 24, 25] and references therein).
Here, we take an analytic point of view which fits to the frame of possibly unbounded and
discontinuous coefficients. The method that we use is a refinement of the method developed by
Gaffney [4] and also Davies [2] and recently localized by Oshima and Uemura [15]. In [15] a uni-
fied method to obtain the conservativeness of a class of Markov processes associated with lower
bounded semi-Dirichlet forms, including symmetric diffusion processes, some non-symmetric dif-
fusion processes and jump type Markov processes is presented. We consider a similar unified ap-
proach but our interest focuses more on applications to general elliptic diffusions. Consequently,
our localization procedure of the Davies method is more adapted to the elliptic diffusion case
and quite different from the one in [15].
The main purpose of this paper is to develop conservativeness criteria for (Markov processes M
or for C0-semigroups of contractions corresponding to) a generalized Dirichlet form which can
be expressed as a linear perturbation of a Dirichlet form which can be represented by a carre´
du champ. Let us briefly explain our technical and conceptional frame. We consider a locally
compact separable metric space E, a locally finite (i.e. finite on compacts) positive measure µ
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with full support on E and a generalized Dirichlet form E that can be decomposed as
E(u, v) = ∫
E
Γ(u, v)dµ + ∫
E
uNvdµ, (1)
where ∫E Γ(u, v)dµ is a symmetric Dirichlet form on L2(E,µ) represented by a carre´ du champ
Γ and (N,D(N)) is a linear operator on L2(E,µ). The precise conditions are formulated in
localized form as (H1), (H2) in section 2 below. We further assume (H3), (H4) which are also
formulated in section 2. (H3) corresponds to [20, Assumption (A)] and its consequence [20,
Lemma 1], i.e. (H3) allows us to obtain nice cut-off functions (see (12)) and to obtain a suitable
exhaustive sequence for the state space (see (8)). In Remark 5 we explain why any symmetric
strongly local and regular Dirichlet form satisfying [20, Assumption (A)] satisfies (H1)-(H3).
Since the semigroups that we consider are in general not analytic, we have to impose the dense-
ness condition (H4), where the set D0 that occurs in (H4) is given as in (10). Remark 6 explains
more on D0, (H4) and condition (A) that is just used as an auxiliary assumption to perform
further calculations (see the sentence right before condition (A)). In Lemma 4, we include for
the reader’s convenience a proof to the fact that the conservativeness of the semigroup (Tt)t>0 on
L∞(E,µ) (obtained from the L2(E,µ)-semigroup associated to E) is equivalent to the (T̂t)t>0-
invariance on L1(E,µ). In Lemma 7 we derive similarly to [15] an equivalent criterion for the
(T̂t)t>0-invariance in localized form. In order to estimate the limit in Lemma 7 by the Davies
method, we use the functions ψn defined in (13) via the function φ defined right before display
(13) and then define the ”Davies semigroup” in (14). Then in a series of calculations, starting
from (15), and using the key inequality (19) which only holds for divergence free perturbations,
i.e. because of (6), we obtain our main Theorem 9 and its Corollary 10. Theorem 9 and Corollary
10 form the core of our paper and will be used to obtain explicit conservativeness criteria in the
symmetric, non-symmetric and non-sectorial case.
The organization of the following sections 3 and 4 are then as follows. In section 3, we consider
applications of our core results to the symmetric case. Here our results are comparable to [15]
(see Example 12 and Remark 13) and we recover a result of [20] (see Remark 13 and also [7]
and [24] and references therein) by applying our main Proposition 11. In subsection 3.2, we con-
sider sectorial perturbations of symmetric Dirichlet forms. Using Corollary 10(iii) we are able to
reconfirm and hence shorten the proof of a result on conservativeness from [17, Lemma 5.4] in
subsection 3.2.1. In subsection 3.3, we show that Theorem 9 (resp. Corollary 10) is also applica-
ble to non-symmetric Dirichlet forms with non-symmetric diffusion matrix. The key observation
is that the anti-symmetric part of the diffusion matrix becomes a µ-divergence free vector field
after integration by parts. The sufficient criteria (37) and (38) for conservativeness extend the
result of [25] in the sense that we can now consider invariant measures µ = ϕ2dx where ϕ ≢ 1.
We also show that we can recover the result of [25] to some extend in case ϕ ≡ 1 in subsec-
tion 3.3.1 (cf. Remark 14). In section 4, we consider non-sectorial perturbations of symmetric
Dirichlet forms on Euclidean space as introduced in [6]. For the convenience of the reader, we
explain in concise form the construction of the underlying generalized Dirichlet form from [6],
how the constructed generalized Dirichlet fits into the frame of section 2, as well as some of its
main properties. Subsequently, we apply the conservativeness criterion of section 2 to formulate
Corollary 15 and to obtain two different explicit examples. Examples 4.2.1 and 4.2.2 show that
conservativeness can hold for a large variance if the anti-symmetric part of the drift is strong
enough to compensate it. Moreover, Example 4.2.2 indicates that our conservativeness criteria
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in dimension one can be in some situations sharper than the ones of [20], but not as sharp as
the Feller test is (cf. Remark 16).
Let us finally explain our main motivation for this work. Conservativeness criteria lead to unique-
ness results both at analytic and probabilistic level. Let us discuss both of these. The non-
symmetry assumption (or even the lack of sector condition) is here of particular importance,
since it leads to a wider class of semigroups and stochastic processes to which the conservative-
ness criteria can be applied than the restrictive assumption of symmetry. It is pointed out in
[21] that the (T̂t)t>0-invariance of the underlying measure µ is related to the L1-uniqueness of
the corresponding infinitesimal generator and can be applied to obtain existence of a unique
invariant measure. On the other hand (T̂t)t>0-invariance is equivalent to the conservativeness
of the dual semigroup (Tt)t>0 (cf. Lemma 4). Thus conservativeness criteria can be used to
obtain L1-uniqueness and existence of unique invariant measures for Markov semigroups. The
second important application of the conservativeness criteria that we study is the relation to
new non-explosion results for solutions to singular SDE which were constructed probabilistically
up to an explosion time in [9] and [28]. There it is shown that certain SDE in Rd with merely
Lp-integrability conditions on the dispersion and drift coefficients have pathwise unique and
strong solutions up to their explosion times, i.e. the random times at which they leave Rd. Thus,
if we can construct weak solutions to these SDE via (generalized or non-symmetric) Dirichlet
form theory, then the analytic conservativeness criteria lead to new non-explosion results for
these SDE. We refer the interested reader to the articles [17], [19] where this kind of application
has been studied and to subsection 3.2.1 where the results of this article are applied to obtain
a considerably shorter proof for conservativeness than in [17, Lemma 5.4]. For further related
work in the context of applications that we are interested in, we refer to the recent work [27]
where non-explosion and existence and uniqueness of invariant measures is investigated.
2 Framework and a general criterion for conservativeness of a
generalized Dirichlet form
Let (E,d) be a locally compact separable metric space and let µ be a locally finite (i.e. finite
on compacts) positive measure on its Borel σ-algebra B(E). We assume that µ has full support.
The closure of A ⊂ E will be denoted by A and Ac ∶= E ∖ A stands for the complement of A
in E. For 1 ≤ p < ∞, let Lp(E,µ) be the space of equivalence classes of p-integrable functions
with respect to µ and L∞(E,µ) be the space of µ-essentially bounded functions. We denote the
corresponding norms by ∥ ⋅ ∥Lp(E,µ), p ∈ [1,∞] and to make notations easier, we do not distin-
guish at times between equivalence class and representative. The inner product of the Hilbert
space L2(E,µ) will be denoted by ( , ). The support of a function u on E (=support of ∣u∣dµ) is
denoted by supp(u). For any set of functions W on E, we will denote by W0 the set of functions
u ∈ W which have a compact support in E and by Wb the set of functions in W which are
bounded µ-a.e. and let Wloc be the set of measurable functions u such that for any relatively
compact open set V , there exists v ∈W with u = v µ-a.e. on V . Let W0,b ∶=W0 ∩Wb and define
Wloc,b by the set of bounded measurable functions u such that u ∈Wloc. Let C0(E) be the set of
continuous functions u such that supp(u) is a compact in E and Cb(E) be the set of bounded
continuous functions. We say that a statement holds for n≫ 1, if there exists some N ∈ N such
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that the statement holds for any n ≥N .
Let (A,V) be a Dirichlet form (not necessarily symmetric) on L2(E,µ) in the sense of [10,
I. Definition 4.5]. So V is a real Hilbert space with respect to the norm ∥u∥2V ∶= A1(u,u) ∶=A(u,u) + (u,u). Denote the dual space of V by V ′. Assume that there exists a linear operator(Λ,D(Λ,L2(E,µ))) on L2(E,µ) which is a generator of a sub-Markovian C0-semigroup of con-
tractions (Ut)t>0 on L2(E,µ) that can be restricted to a C0-semigroup on V. Then the conditions
(D1) and (D2) in [22, Chapter I] are satisfied. In particular, Λ ∶ D(Λ,L2(E,µ)) ∩ V Ð→ V ′ is
closable. Let (Λ,F) be the closure of Λ ∶ D(Λ,L2(E,µ)) ∩ V Ð→ V ′. Then F is a real Hilbert
space with corresponding norm ∥u∥2F ∶= ∥u∥2V + ∥Λu∥2V ′ .
By [22, Lemma I.2.4, p.13] the adjoint semigroup (Uˆt)t≥0 of (Ut)t≥0 can be extended to a
C0-semigroup on V ′ and the corresponding generator (Λˆ,D(Λˆ,V ′)) is the dual operator of(Λ,D(Λ,V)). Let Fˆ ∶=D(Λˆ,V ′) ∩ V. Then Fˆ is a real Hilbert space with corresponding norm
∥u∥2Fˆ ∶= ∥u∥2V + ∥Λˆu∥2V ′.
Let the form E be given by
E(u, v) ∶= { A(u, v) − V ′⟨Λu, v⟩V for u ∈ F , v ∈ VA(u, v) − V ′⟨Λˆv,u⟩V for u ∈ V, v ∈ Fˆ
where V ′⟨⋅, ⋅⟩V denotes the dualization between V ′ and V. Note that V ′⟨⋅, ⋅⟩V coincides with (⋅, ⋅)
when restricted to L2(E,µ) × V and that E is well-defined. E is called the bilinear form associated
with (A,V) and (Λ,D(Λ,L2(E,µ))) (see [22, I. Definition 2.9]). Then E is a generalized Dirichlet
form (see [22, I. Proposition 4.7]).
Let (Gα)α>0 and (Ĝα)α>0 on L2(E,µ) be associated with E , i.e. (Gα)α>0 is the sub-Markovian
C0-resolvent of contractions on L
2(E,µ) satisfying Gα(L2(E,µ)) ⊂ F ,
Eα(Gαf, g) = (f, g), f ∈ L2(E,µ), g ∈ V,
where Eα(u, v) ∶= E(u, v)+α(u, v) for α > 0 and (Ĝα)α>0 is the adjoint C0-resolvent of contractions
of (Gα)α>0 (see [22, I. Proposition 3.6]).
REMARK 1 In contrast to the cases of symmetric or non-symmetric Dirichlet forms (which
is covered for Λ ≡ 0 with F = V = Fˆ) it is not known whether for generalized Dirichlet forms
regularity or quasi-regularity alone implies the existence of an associated process (cf. [3, Chapter
7] and [10, IV.Theorem 3.5]). In addition to the quasi-regularity the structural assumption D3
is made in [22, IV. 2] in order to derive the existence of an m-tight special standard process
M = (Ω, (Ft)t≥0, (Yt)t≥0, (Pz)z∈E∆) with lifetime ζ such that the process resolvent Rαf of M is an
E-quasi-continuous µ-version of Gαf for all α > 0, f ∈ L2(E,µ)b (cf. [22, IV. Theorem 2.2] and
also [16, Theorem 4.2] for the construction of an associated Hunt process under the condition
D3 together with the strict quasi-regularity assumption). Condition D3 is e.g. known to hold
when F contains a dense algebra of bounded functions (see [22, IV. Theorem 2.1] and also [16,
Proposition 2.1]), thus in particular satisfied for any Dirichlet form in the sense of [3] and [10].
Later on, we will consider examples. The Dirichlet forms in subsections 3.1, 3.2 and 3.3 are all
regular hence associated with a process in the above sense. Moreover, similarly to [21, Section 3]
one may show that the generalized Dirichlet form constructed in subsection 4.1 is also associated
with a process.
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By [10, I. Proposition 1.5], there exists exactly one linear operator (L,D(L)) (resp. (L̂,D(L̂)))
on L2(E,µ) corresponding to (Gα)α>0 (resp. (Ĝα)α>0). Then (L̂,D(L̂)) is the adjoint opera-
tor of (L,D(L)). Let (Tt)t>0 and (T̂t)t>0 be the C0-semigroups of contractions corresponding to(Gα)α>0 and (Ĝα)α>0 respectively. (T̂t)t>0 restricted to L1(E,µ)∩L2(E,µ) can be extended to a
C0-semigroup of contractions on L
1(E,µ). This extension will also be denoted by (T̂t)t>0. (T̂t)t>0
is not necessarily sub-Markovian, however from (H1) on (see below), the sub-Markovianity fol-
lows and is hence assumed to hold.
Now we shall define the conservativeness of (Tt)t>0. Since (Tt)t>0 is a sub-Markovian C0-
semigroup of contractions on L2(E,µ), (Tt)t>0 can be extended to a linear operator on L∞(E,µ).
In fact, for f ∈ L∞(E,µ) with f ≥ 0 µ-a.e., we may set
Ttf ∶= lim
n→∞Ttfn
where fn ∈ L2(E,µ) ∩ L∞(E,µ) such that fn ↗ f µ-a.e. as n → ∞. Since (Tt)t>0 is positivity
preserving, the limit is well-defined µ-a.e. and is independent of the choice of approximating
sequence. For general f ∈ L∞(E,µ), considering the decomposition f = f+ − f− in positive and
negative parts, Ttf is well-defined by Ttf ∶= Ttf+ − Ttf−.
DEFINITION 2 (Tt)t>0 is said to be conservative if
Tt1 = 1 µ-a.e. for some (and hence any) t > 0. (2)
REMARK 3 Note that if there exists a process associated with the generalized Dirichlet form
E, as pointed out in Remark 1, then the conservativeness of (Tt)t>0 implies that the process is
non-explosive, i.e. Px(ζ =∞) = 1 for µ-a.e. (actually even E-quasi-every) x ∈ E. Clearly (since
µ is assumed to have full support), if the transition function Ptf(x) ∶= Ex[f(Xt)] (here Ex
denotes the expectation w.r.t. Px) is strong Feller, i.e. x ↦ Ptf(x) is continuous in x ∈ E for
any t > 0 and any bounded Borel measurable function on E, then it even holds Px(ζ = ∞) = 1
for every x ∈ E. The latter is for instance the case for the Dirichlet form in Example 3.2.1, cf.
[17, Proposition 2.9(ii) and Section 5].
LEMMA 4 Let D be an arbitrary dense subset of L1(E,µ). Then, (Tt)t>0 is conservative, if and
only if for some (and hence any) t > 0
∫
E
T̂tfdµ = ∫
E
fdµ for any f ∈ D, (3)
i.e. µ is (T̂t)t>0-invariant.
Proof Since the first statement is obvious, we only show that if (3) (hence equivalently (2))
holds for some t > 0, then it holds for all t > 0. Assume hence that
Tt1 = 1 µ-a.e. for some t > 0.
Let (fn)n≥1 ⊂ L2(E,µ) ∩L∞(E,µ), 0 ≤ fn ↗ 1 as n→∞. Then by definition we obtain
lim
n→∞Ttfn = 1, µ-a.e.
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Let t, s > 0. Since Tt+sfn = Tt(Tsfn), it suffices to show that
lim
n→∞Tsfn = Ts1 = 1, µ-a.e.
for any 0 < s < t. Let 0 < s < t and suppose that we do not have
lim
n→∞Tsfn = 1, µ-a.e.
Then there exists a measurable set A with 0 < µ(A) <∞ such that
lim
n→∞Tsfn < 1 on A.
Since (T̂t)t>0 is an L1(E,µ) contraction,
∫
E
T̂t1Adµ ≤ ∫
E
T̂s1Adµ = lim
n→∞∫E T̂s1Afndµ = limn→∞∫A Tsfndµ < ∫E 1Adµ
which leads to the contradiction.
◻
Fix t > 0. From now on until the end of section 2, we assume:
(H1) Let (Vn)n≥1 be an arbitrary increasing sequence of relatively compact open sets in E such
that V n ⊂ Vn+1 and ∪n≥1Vn = E. Then for p = 1 or p = 2, there exist sub-Markovian
C0-semigroups of contractions (T̂ nt )t>0, n ≥ 1 on Lp(Vn, µ) with generators (L̂n,D(L̂n)),
n ≥ 1, such that for any non-negative f ∈ L1(E,µ) ∩L∞(E,µ),
T̂ nt f ∶= T̂ nt (f ⋅ 1Vn)↗ T̂tf µ-a.e. as n→∞.
Next, we aim to give a general criterion for conservativeness in case the generalized Dirichlet form
can be represented locally by a linear perturbation of a symmetric strongly local regular Dirichlet
form. By the latter, we mean that there exist a symmetric strongly local regular Dirichlet form(E0,D(E0)) on L2(E,µ) in the sense of [3, I.1.1], expressed as
E0(u, v) = ∫
E
Γ(u, v)(x)µ(dx), for u, v ∈ D(E0),
where Γ is a positive semidefinite symmetric bilinear form on D(E0) with values in L1(E,µ) (see
[1]) such that for each n ≥ 1, D(L̂n)b ⊂ D(E0)b and there exist a linear operator N ∶ D(N) Ð→
L1(E,µ)loc on L2(E,µ) with D(E0)b ⊂D(N) such that
−∫
Vn
L̂nvudµ = ∫
E
Γ(u, v)dµ +∫
Vn
uNvdµ (4)
for any v ∈ D(L̂n)b and u ∈ D(E0) and D(N) contains u ⋅1Vn where u ∈ D(E0)loc,b. Here the term
strongly local means that E0(u, v) = 0 whenever u is a constant on a neighborhood of supp(v).
The linear operator (N,D(N)) needs not to be a generator of a C0-semigroup of contractions
on L2(E,µ), but satisfies
v ∈ D(E0)b, v = const. µ-a.e. on B ∈ B(E)⇒Nv = 0 µ-a.e. on B, (5)
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∫
E
Nvdµ = 0 for any v ∈ D(E0)0,b, (6)
Nφ(v) = φ′(v)Nv, N(uv) = vNu + uNv for any u, v ∈ D(N)b, φ ∈ C1b (R). (7)
Since D(E0)0,b forms an algebra of functions (see for instance [10, I. Corollary 4.15.]), we obtain
form (6) and (7) that
∫
E
uNudµ = 0 for any u ∈ D(E0)0,b.
From now on until the end of section 2, we assume that the following condition holds:
(H2) for each n ≥ 1, (L̂n,D(L̂n)) can be represented as in (4) and (N,D(N)) satisfies (5), (6)
and (7)
For the convenience of the reader, we recall here some basic properties of strongly local regular
Dirichlet forms, which can be represented by a carre´ du champ. For any u ∈ D(E0), there is a
unique finite measure µ⟨u⟩ on E called the energy measure of u such that
∫
E
dµ⟨u⟩ = 2E0(u,u)
and if u ∈D(E0)b, then we get
∫
E
fdµ⟨u⟩ = 2E0(u, fu) − E0(u2, f),
for any f ∈ Cb(E) ∩D(E0). Then µ⟨u,v⟩, u, v ∈ D(E0), is defined by polarization, i.e.
µ⟨u,v⟩ ∶= 1
2
(µ⟨u+v⟩ − µ⟨u⟩ − µ⟨v⟩)
Since µ⟨u,v⟩ is bilinear in u, v and µ⟨u⟩ is positive, we obtain for non-negative f ∈ Cb(E)∩D(E0)
∣(∫
E
fµ⟨u⟩)1/2 − (∫
E
fµ⟨v⟩)1/2∣ ≤ (∫
E
fdµ⟨u−v⟩)1/2 .
The energy measure then satisfies for any u, v ∈ D(E0)
∫
E
fdµ⟨u,v⟩ = 2∫
E
fΓ(u, v)dµ, f ∈ Cb(E) ∩D(E0).
Since (E0,D(E0)) is strongly local, the energy measures µ⟨u,v⟩, u, v ∈ D(E0), are strongly local
and satisfy the Leibniz and the chain rules. In particular, µ⟨u⟩ can be extended to u ∈ D(E0)loc
and Γ(u, v) satisfies the Leibniz and Chain rules (see [3] and [20]).
We assume from now on until the end of section 2 that
(H3) there exists a non-negative continuous function ρ on E with
ρ ∈ D(E0)loc
such that for r > 0
Er ∶= {x ∈ E ∶ ρ(x) < r}
is a relatively compact open set in E and ∪r>0Er = E. Furthermore, there exists a compact
subset K0 of E such that
Γ(ρ, ρ), N(ρ) ∈ L∞loc(Kc0, µ).
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REMARK 5 Let (E ,F) be a symmetric strongly local and regular Dirichlet form. Then we may
define the part Dirichlet forms (En,Fn) corresponding to an increasing sequence of relatively
compact open sets (Vn)n≥1 such that ∪n≥1Vn = E where Fn = {u ∈ F ∶ ũ = 0 q.e. on V cn} and
ũ is a quasi continuous version of u ∈ F (see [3, Theorem 4.4.5]), i.e. ũ = 0 up to a capacity
zero set on V cn . Denote the associated semigroups of (En,Fn) by (T nt )t>0 and the associated
linear operators by (Ln,D(Ln)) on L2(Vn, µ). Then, obviously (T nt )t>0 and (Ln,D(Ln)) are
symmetric. We know that
Ttf = lim
n→∞T
n
t f µ-a.e.
for any f ∈ L2(E,µ) where T nt f ∶= T nt (f ⋅1Vn). In particular, if f is non-negative, then T nt f ↗ Ttf
µ-a.e. as n→∞. Moreover, as explained before (E ,F) can be represented by a carre´ du champ.
Thus (E ,F) satisfies (H1) with p = 2. Furthermore, for v ∈ D(Ln),
E(u, v) = (−Lnv,u), for any u ∈ F
which implies that (4) holds. Putting N ≡ 0 implies that (H2) holds. Moreover, if the topology
induced by the intrinsic metric dint defined by
dint(x, y) ∶= sup{u(x) − u(y) ∶ u ∈ Floc ∩C(E), Γ(u,u) ≤ 1 on E}
introduced in [20] is equivalent to the original topology on E and any balls induced by the intrinsic
metric are relatively compact open sets, then we may choose ρ(x) = dint(x,x0) for some fixed
x0 ∈ E (see [20, Lemma 1]). Hence (H3) holds.
By assumption (H3),
Vn ∶= E4n, n ≥ 1, (8)
are relatively compact open subsets of E with ⋃n≥1 Vn = E. From now on fix (Vn)n≥1 as in (8)
and note that (H1) and (H2) hold for this choice of (Vn)n≥1. For a function f which has compact
support, define
kf ∶=min{m ∈ N ∶ supp(f) ⊂ Em and K ⊂ Em}, (9)
where K is an arbitrary but fixed compact subset of E containing K0 as in (H3). Let
D0 ∶= {f ∶ f ∈ L∞(E,µ) ∩L2(E,µ)0 such that T̂ ns f ∈D(L̂n) for any n ≥ kf , s ∈ [0, t]}. (10)
In order to perform comfortably our calculations up to the formulation and proof of Theorem 9
below, we do need the following auxiliary assumption
(A) there exists f ∈D0 such that supp(f) ≠ ∅.
REMARK 6 Assumption (A) will be replaced by the stronger (H4) occurring right after the
proof of Theorem 9 below. Note that if (T̂ nt )t>0, n ≥ 1 are analytic, then T̂ ns f ∈ D(L̂n) for
f ∈ L1(E,µ) ∩L2(E,µ). Thus (A) and (H4) below trivially hold. In the non-sectorial (i.e. non-
analytic) case, we can impose the reasonable assumption that the coefficients of the generators of
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(T̂ nt )t>0, n ≥ 1, are p-fold integrable with respect to the measure µ, where p is as in (H1). Then
C∞
0
(E) ⊂ D0 for instance in the case where E ∶= Rd and there are no boundary conditions (cf.
4.2.1 and 4.2.2). In particular, (H4) below is then also automatically satisfied. Similarly, one can
easily obtain nice dense subsets of D0 in case of boundary conditions provided the coefficients
are not too singular. To keep this exposition reasonably sized and because of the similarity to the
case without boundary conditions, we did not include an example.
LEMMA 7 Let D ⊂ D0 be an arbitrary dense subset of L1(E,µ). Then (Tt)t>0 is conservative,
if and only if there exists a sequence of functions (χn)n≥1 ⊂ L2(Vn, µ) such that 0 ≤ χn ↗ 1 as
n→∞ and
lim
n→∞ [∫ t0 ∫E ddsT̂ ns f ⋅ χndµds] = 0
for any f ∈ D and some (and hence all) t > 0.
Proof Let f ∈ D and (χn)n≥1 be as in the statement. Then by (H1)
∫
E
(T̂tf − f)dµ = lim
n→∞∫E(T̂ nt f − f)χndµ = limn→∞ [∫ t0 ∫E ddsT̂ ns f ⋅ χndµds] (11)
for any f ∈D and the assertion follows by Lemma 4.
◻
Now we are looking for a more explicit criterion for conservativeness of (Tt)t>0.
From now on unless otherwise stated let us fix f as in (A). Let for n ≥ 1,
χn(x) ∶= 1 ∧ (2 − ρ(x)
2n
)+ (12)
and φ ∶ R+ → R+ in C1(R+) be increasing and such that φ(0) = 0 and φ(r) ↗ +∞ as r ↗ +∞.
Then define for each n ≥ 1,
ψn(x) ∶= (φ(ρ(x)) − φ(kf))+ ∧ (φ(4n) − φ(kf))+. (13)
Note that (χn)n≥1 ⊂ D(E0)0,b by (H3) and that ψn ∈ D(E0)loc. The latter can be seen with the
help of [20, p. 190 vi)]. Now we will use the method of Davies, Oshima and Uemura. Let
T̂ψns f ∶= eψn T̂ ns (fe−ψn). (14)
Then T̂ψns f ∈ D(E0)∩L∞(Vn, µ) with T̂ψns f = 0 on V cn for any s > 0, and T̂ψns f = eψn T̂ ns f for any
n ≥ 1 because ψn ≡ 0 on Ekf for any n ≥ 1. For t > 0, let
v̂t ∶= ∫
t
0
T̂ψns fds.
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Let n ≥ kf . By Leibniz and chain rules for Γ and N , (4), (5), (6) and Fubini, we obtain that
∣∫ t
0
∫
E
d
ds
T̂ ns f ⋅ χndµds∣ = ∣∫
Vn
L̂n (∫ t
0
T̂ ns fds) ⋅ χndµ∣
= ∣−∫
Vn
Γ (χn, e−ψn v̂t)dµ −∫
Vn
χnN (e−ψn v̂t)dµ∣
= ∣∫
Vn
(Γ(χn, ψn) +N(χn)) e−ψn v̂tdµ −∫
Vn
Γ (χn, v̂t) e−ψndµ∣
≤ e
φ(kf )−φ(2n)
2n
[∫
E4n∖E2n
∣φ′(ρ)Γ(ρ, ρ) +N(ρ)∣ ⋅ ∣v̂t∣dµ + ∣∫
E4n∖E2n
Γ (ρ, v̂t)dµ∣]
≤ e
φ(kf )−φ(2n)
2n
⎡⎢⎢⎢⎢⎣{(∫E4n∖E2n (φ′(ρ)Γ(ρ, ρ))
2
dµ)1/2 + (∫
E4n∖E2n
(N(ρ))2 dµ)1/2}∥v̂t∥L2(Vn,µ)
+(∫
E4n∖E2n
Γ(ρ, ρ)dµ)1/2 (∫
Vn
Γ (v̂t, v̂t)dµ)1/2 ⎤⎥⎥⎥⎥⎦
≤ e
φ(kf )−φ(2n)
2n
⎡⎢⎢⎢⎢⎣( ess supE4n∖E2n (φ′(ρ)Γ(ρ, ρ))µ(E4n ∖E2n)1/2 + ∥N(ρ)∥L2(E4n∖E2n,µ)) ∥v̂t∥L2(Vn,µ)
+ ess sup
E4n∖E2n
Γ(ρ, ρ)1/2µ(E4n ∖E2n)1/2 (∫
Vn
Γ (v̂t, v̂t)dµ)1/2 ⎤⎥⎥⎥⎥⎦
≤ e
φ(kf )−φ(2n)
2n
⎛⎝µ(E4n ∖E2n)1/2 (√anE0 (v̂t, v̂t)1/2 + bn∥v̂t∥L2(Vn,µ))
+∥N(ρ)∥L2(E4n∖E2n,µ)∥v̂t∥L2(Vn,µ)⎞⎠ (15)
where
an ∶= ess sup
E4n∖E2n
Γ(ρ, ρ) (16)
and
bn ∶= ess sup
E4n∖E2n
φ′(ρ)Γ(ρ, ρ). (17)
Since Γ is positive semidefinite and φ is increasing, an and bn are nonnegative and well-defined
by (H3) and (9). Now, we are going to find the following estimates in (15)
∥v̂t∥L2(Vn,µ) ≤ tecn(f)t∥f∥L2(E,µ)
and
E0 (v̂t, v̂t)1/2 ≤√3tecn(f)t∥f∥L2(E,µ)
where
cn(f) ∶= ess sup
E4n∖Ekf
∣(φ′(ρ))2Γ(ρ, ρ) + φ′(ρ)N(ρ)∣ . (18)
Note that cn(f) is well-defined by (H3) and (9) and depends on f since the essential supremum
is taken over E4n ∖Ekf . Since N satisfies (6) and (7), we obtain the following lemma which is
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the key lemma of this section.
LEMMA 8 Let V be a relatively compact open set in E, u ∈ D(E0)0,b with supp(u) ⊂ V and
ψ ∈ D(E0)loc,b. Then e±ψu ∈ D(E0)b ⊂D(N)b and
E0(eψu, e−ψu) + ∫
V
eψu ⋅N(e−ψu)dµ ≥ E0(u,u) − c∫
V
u2dµ, (19)
where
c ∶= ess sup
V
∣Γ(ψ,ψ) +N(ψ)∣ .
Proof e±ψu ∈ D(E0)b follows since (e±ψ − 1)u ∈ D(E0)b. Since (N,D(N)) satisfies (6) and (7)
and Γ satisfies the Leibniz rule,
E0(eψu, e−ψu) +∫
V
eψu ⋅N(e−ψu)dµ = E0(u,u) −∫
V
(Γ(ψ,ψ) +N(ψ))u2dµ
≥ E0(u,u) − c∫
V
u2dµ.
◻
For s > 0, we have by (4)
1
2
d
ds
∥T̂ψns f∥2L2(Vn,µ) = ∫ L̂n(T̂ ns f) ⋅ eψn T̂ψns fdµ
= −E0 (eψn T̂ψns f, e−ψn T̂ψns f) −∫
Vn
eψn T̂ψns f ⋅N(e−ψn T̂ψns f)dµ.
Replacing u by T̂ψns f , s > 0 and ψ by ψn in (19), we obtain
1
2
d
ds
∥T̂ψns f∥2L2(Vn,µ) ≤ −E0 (T̂ψns f, T̂ψns f) + cn(f)∫Vn (T̂ψns f)2 dµ.
Consequently, d
ds
∥T̂ψns f∥2L2(Vn,µ) ≤ 2cn(f)∥T̂ψns f∥2L2(Vn,µ), i.e.
∥T̂ψns f∥L2(Vn,µ) ≤ ecn(f)s∥f∥L2(E,µ).
By Fubini and Jensen,
∥v̂t∥2L2(Vn,µ) ≤ t∫ t
0
∫ (T̂ψns f)2 dµds ≤ t∫ t
0
e2cn(f)sds∥f∥2L2(E,µ)
Hence,
∥v̂t∥2L2(Vn,µ) ≤ t2cn(f) (e2cn(f)t − 1) ∥f∥2L2(E,µ) and ∥v̂t∥2L2(Vn,µ) ≤ t2e2cn(f)t∥f∥2L2(E,µ). (20)
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Next, using (19) again we obtain
(v̂t, T̂ψnt f) − (v̂t, f) = ∫ ∫ t
0
d
du
T̂ nu fdu ⋅ eψn ∫
t
0
T̂ψns fdsdµ
= ∫ L̂n (∫ t
0
T̂ nu fdu) ⋅ eψn ∫ t
0
T̂ψns fdsdµ
= −E0 (eψn ∫ t
0
T̂ψns fds, e
−ψn ∫
t
0
T̂ψnu fdu)
− ∫
Vn
eψn ∫
t
0
T̂ψns fds ⋅N (e−ψn ∫ t
0
T̂ψnu fdu)dµ
≤ −E0 (v̂t, v̂t) + cn(f) ∥v̂t∥2L2(Vn,µ) .
Thus, we get by (20)
E0 (v̂t, v̂t) ≤ cn(f) ∥v̂t∥2L2(Vn,µ) + (v̂t, f) − (v̂t, T̂ψnt f)
≤ cn(f) ∥v̂t∥2L2(Vn,µ) + ∥v̂t∥L2(Vn,µ) ∥f∥L2(E,µ) + ∥v̂t∥L2(Vn,µ) ∥T̂ψnt f∥L2(Vn,µ)
≤ t
2
(e2cn(f)t − 1) ∥f∥2L2(E,µ) + tecn(f)t∥f∥2L2(E,µ) + te2cn(f)t∥f∥2L2(E,µ)
≤ 3te2cn(f)t∥f∥2L2(E,µ). (21)
Consequently, using the estimates (20) and (21) in (15), we get
∣∫ t
0
∫ d
ds
T̂ ns f ⋅ χndµds∣ (22)
≤ e
φ(kf )−φ(2n)+cn(f)t
2n
∥f∥L2(E,µ) ((√3tan + bnt)µ(E4n ∖E2n)1/2 + t∥N(ρ)∥L2(E4n∖E2n,µ)) .
Let
Ân(φ) ∶= (√an + bn)µ(E4n ∖E2n)1/2 + ∥N(ρ)∥L2(E4n∖E2n,µ) (23)
where an and bn are defined as in (16), (17) respectively. Note that Ân(φ) depends on the choice of
φ but does not depend on f . Lemma 7 now leads to the following theorem.
THEOREM 9
(i) Let f be as in (A) and suppose that there exists a continuously differentiable function
φ ∶ R+ → R+ with φ(0) = 0 and φ(r)↗ +∞ as r ↗ +∞, such that for some constant T > 0
limsup
n→∞
e−φ(2n)+cn(f)T
n
Ân(φ) = 0 (24)
where Ân(φ) is defined as in (23). Then
∫
E
T̂tfdµ = ∫
E
fdµ.
(ii) Assume that (24) holds for at least one triple (f,φ,T ) as in (i). Then (24) holds for
the triple (g,φ,T ), for any g ∈ D0 (see (10) for the definition of D0). In particular, if
additionally D0 is dense in L
1(E,µ), then (Tt)t>0 is conservative.
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Proof (i) is a direct consequence of (11), (22) and (24). We now prove (ii). Let (f,φ,T ) be as
in (i) and g ∈ D0. It suffices to show that
lim sup
n→∞
e−φ(2n)+cn(g)T
n
Ân(φ) = 0
where
cn(g) = ess sup
E4n∖Ekg
∣(φ′(ρ))2Γ(ρ, ρ) + φ′(ρ)N(ρ)∣ .
If kg ≥ kf , then Ekf ⊂ Ekg and so cn(g) ≤ cn(f). Thus (24) for (f,φ,T ) implies (24) for (g,φ,T ).
If kg < kf , then
cn(g) ≤ cn(f) + ess sup
Ekf ∖Ekg
∣(φ′(ρ))2Γ(ρ, ρ) + φ′(ρ)N(ρ)∣ ≤ cn(f) +L
for some constant L ≥ 0, since ess supEkf ∖Ekg ∣(φ′(ρ))2Γ(ρ, ρ) + φ′(ρ)N(ρ)∣ is finite by (H3)
and (9). Thus (24) holding for the triple (f,φ,T ) again implies (24) for the triple (g,φ,T ). If
additionally D0 is dense, then (Tt)t>0 is conservative by Lemma 7.
◻
We formulate the condition of Theorem 9(ii) as
(H4) D0 is dense in L
1(E,µ).
It is clear that (H4) implies (A). Now, we use Theorem 9 to develop the following explicit suffi-
cient conditions for conservativeness of (Tt)t>0.
COROLLARY 10 Assume that (H1)-(H4) hold.
(i) Suppose there are constants M,C > 0, 0 < α < 1 and 0 ≤ β < 2, such that
∣Γ(ρ, ρ) + (ρ + 1)N(ρ)
C(2 − β)(log(ρ + 1))1−β ∣ ≤M(ρ + 1)2(log(ρ + 1))β , (25)
µ-a.e. outside some arbitrary compact subset K of E with K ⊃K0 and
Ân(φ) ≤ n exp(αC (log(n + 1))2−β),
for n≫ 1, where φ(r) = C(log(r + 1))2−β . Then (Tt)t>0 is conservative.
(ii) Suppose there are constants M,C > 0 and 0 < α < 1, such that
∣Γ(ρ, ρ) + 1
C
(ρ + 1)(log(ρ + 1))N(ρ)∣ ≤M(ρ + 1)2(log(ρ + 1))2,
µ-a.e. outside some arbitrary compact subset K of E with K ⊃K0 and
Ân(φ) ≤ n log(n + 1)Cα,
for n≫ 1, where φ(r) = C log(log(r + 1) + 1). Then (Tt)t>0 is conservative.
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(iii) Suppose that there are constants M,C > 0 and 0 < α < 2 such that
∣Γ(ρ, ρ) + N(ρ)
Cρ
∣ ≤M
µ-a.e. outside some arbitrary compact subset K of E with K ⊃K0 and
Ân(φ) ≤ n exp(αCn2)
for n≫ 1, where φ(r) = Cr2
2
. Then (Tt)t>0 is conservative.
Proof (i) Assume there are constants M,C > 0, 0 < α < 1 and 0 ≤ β < 2 such that (25) holds. Let
φ(r) ∶= C(log(r + 1))2−β .
Since 0 ≤ β < 2, φ(r) is increasing in r > 0 and
φ′(r) = C(2 − β)(r + 1) (log(r + 1))1−β .
By (H4), we can choose g ∈ D0 with supp(g) ≠ ∅. By definition of kg, we know K0 ⊂ K ⊂ Ekg .
Hence by (25), we obtain that
cn(g) ≤ ess sup
E4n∖K
∣(φ′(ρ))2∣ ⋅ ∣Γ(ρ, ρ) + N(ρ)
φ′(ρ) ∣ ≤M ′(log(4n + 1))2−β
where M ′ > 0 is some constant depending only on M,C and β. Subsequently, for n ≥ kg
Ân(φ)
n
exp(−φ(2n) + cn(g)T )
≤ exp (αC(log(n + 1))2−β −C(log(2n + 1))2−β +M ′T (log(4n + 1))2−β) .
Let T ∶= C(1−α)
2M ′
> 0. Then the right hand side of the above inequality tends to 0 as n→∞ and so
(24) of Theorem 9(i) holds for the triple (g,φ,T ). Using (H4), Theorem 9(ii) applies, i.e. (Tt)t>0
is conservative.
(ii) Let β = 2. Putting
φ(r) ∶= C log(log(r + 1) + 1),
we can proceed as in (i) to show that (Tt)t>0 is conservative.
(iii) Let g ∈D0 with supp(g) ≠ ∅. For n ≥ kg,
cn(g) ≤ ess sup
E4n∖K0
∣(φ′(ρ)2∣ ⋅ ∣Γ(ρ, ρ) + N(ρ)
φ′(ρ) ∣ ≤ ess supE4n∖K0MC2ρ2 = 16MC2n2,
and so
e−φ(2n)+cn(g)T
n
Ân(φ) ≤ exp(αCn2 − 2Cn2 + 16MC2Tn2).
Let T ∶= 2−α
32MC
> 0, then
lim
n→∞
e−φ(2n)+cn(g)T
n
Ân(φ) = 0.
Applying Theorem 9(ii), we obtain that (Tt)t>0 is conservative.
◻
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3 Applications to symmetric and non-symmetric Dirichlet forms
In the fist subsection, we apply Theorem 9 to symmetric Dirichlet forms. The results turn out
to be comparable with the results of [15, Section 3.1] (cf. Example 12 and Remark 13 below).
3.1 Symmetric Dirichlet forms
Let (E ,F) be a symmetric strongly local regular Dirichlet form on L2(E,µ) expressed as
E(f, g) = ∫
E
Γ(f, g)(x)µ(dx), for f, g ∈ F . (26)
Let us fix an arbitrary x0 ∈ E and denote d(x,x0) by d(x) for simplicity. Assume
d ∈ Floc (27)
and that
Er ∶= {x ∈ E ∶ d(x) < r} are relatively compact open sets in E for any r > 0. (28)
Assume further that there exists a compact subset K0 of E such that
Γ(d, d) ∈ L∞loc(Kc0, µ). (29)
As we have seen in Remark 5, (H1) and (H2) hold with p = 2 and N ≡ 0. Furthermore, putting
ρ(x) = d(x), (H3) also holds by (27), (28) and (29). Since the semigroups (T nt )t>0, n ≥ 1 of
the part forms (En,Fn) on L2(Vn, µ) are analytic so that in particular T nt f ∈ D(Ln) for any
f ∈ L2(E,µ) and t > 0, (H4) also holds (obviously D0 = L∞(E,µ) ∩ L2(E,µ)0 is dense in
L1(E,µ)). Thus we can use Theorem 9 to determine conservativeness of the symmetric Dirichlet
form (E ,F). More precisely, we have:
PROPOSITION 11
(i) Assume there are constants M,N > 0 and 0 ≤ β ≤ 2, such that
Γ(d, d) ≤M(d + 1)2 (log(d + 1))β , (30)
µ-a.e. outside some arbitrary compact subset K of E with K ⊃K0 and
µ(E4n ∖E2n) ≤ exp(2N (log(n + 1))2−β), if 0 ≤ β < 2,
or
µ(E4n ∖E2n) ≤ log(n + 1)2N , if β = 2
for n≫ 1. Then (Tt)t>0 is conservative.
(ii) Assume there are constants M,N > 0 such that
Γ(d, d) ≤M
µ-a.e. outside some arbitrary compact subset K of E with K ⊃K0 and
µ(E4n ∖E2n) ≤ exp(2Nn2)
for n≫ 1. Then (Tt)t>0 is conservative.
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Proof (i) Let 0 ≤ β < 2 and define for r > 0,
φ(r) ∶= C (log(r + 1))2−β
where C > 0 will be chosen later. Then, φ(r) is increasing in r > 0 and
φ′(r) = C(2 − β)(r + 1) (log(r + 1))1−β .
Choose g ∈ D0 with supp(g) ≠ ∅. For n ≥ kg, we have by (30)
an = ess sup
E4n∖E2n
Γ(d, d) ≤M(4n + 1)2(log(4n + 1))β ,
bn = ess sup
E4n∖E2n
φ′(d)Γ(d, d) ≤MC(2 − β)(4n + 1) log(4n + 1)
and
cn(g) ≤ ess sup
E4n∖K
(φ′(d))2Γ(d, d) ≤MC2(2 − β)2 (log(4n + 1))2−β .
Subsequently,
e−φ(2n)+cn(g)Tµ(E4n ∖E2n)1/2
≤ exp (−C(log(2n + 1))2−β +N(log(n + 1))2−β + TMC2(2 − β)2(log(4n + 1))2−β) .
Let C ∶= 3N and T ∶= 1
9MN(2−β)2 > 0, then we obtain
lim
n→∞
e−φ(2n)+cn(g)T
n
Ân(φ) = lim
n→∞
e−φ(2n)+cn(g)T
n
µ(E4n ∖E2n)1/2(√an + bn) = 0. (31)
Consequently, by the same arguments in Corollary 10, (Tt)t>0 is conservative when 0 ≤ β < 2.
Let β = 2. Define
φ(r) ∶= 3N log(log(r + 1) + 1).
Then by similar calculations, we can choose T > 0 such that (31) holds.
(ii) Choosing φ(r) ∶= 3Nr2 the proof is similar to the one of (i).
◻
EXAMPLE 12 (cf. [15, Section 3.1]) Let (E ,C∞
0
(Rd)) be a symmetric bilinear form in L2(Rd, dx)
defined by
E(f, g) ∶= ∫
Rd
⟨A∇f,∇g⟩dx,
where A = (aij) = (aji) ∈ L1loc(Rd, dx) ∩ L∞loc(Kc0, dx), 1 ≤ i, j ≤ d for some compact subset K0 in
R
d. Assume that for any compact set K, there exists a constant νK > 0 such that
νK ∣ξ∣2 ≤ ⟨A(x)ξ, ξ⟩
for all ξ ∈ Rd, µ-a.e. x ∈ K. Here ⟨ , ⟩ denotes the Euclidean inner product on Rd with corre-
sponding norm ∣ ⋅ ∣ and C∞
0
(Rd) is the set of infinitely often differentiable functions with compact
support in Rd. Then (E ,C∞
0
(Rd)) is closable and its closure (E ,F) satisfies (H1)-(H4) with
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p = 2, N ≡ 0 and ρ(x) = ∣x∣. Indeed, for each relatively compact open subset V of Rd, there exists
a function χV ∈ C∞0 (Rd) such that χV ≡ 1 on V . Then ρχV ∈ F and ρχV = ρ on V , hence
ρ ∈ Floc. Consequently, by Proposition 11(i), (Tt)t>0 is conservative if there exists a constant
M > 0 such that ⟨A(x)x,x⟩∣x∣2 ≤M(∣x∣ + 1)2 log(∣x∣ + 1)
dx-a.e. outside some compact subset K of Rd containing K0.
REMARK 13 (cf. [15, Section 3.1]) By Proposition 11(ii), we recover the result of [20, Remarks
p.185 (3.7)]. More precisely, [20, Theorem 4] was devoted to determine the conservativeness for
a symmetric strongly local regular Dirichlet form expressed as in (26) in case that the topology
induced by the intrinsic metric is equivalent to the original topology on E and in case that the
intrinsic balls are all relatively compact open in E (cf. [20, Assumption (A)]). Then by [20,
Lemma 1], ρ(⋅) ∶= dint(⋅, x0) ∈ Floc ∩C(E) for any x0 ∈ E where dint is the intrinsic metric and
ρ satisfies
Γ(ρ, ρ) ≤ 1.
Applying these assumptions to our situation implies an ≤ 1 for any n ≥ 1. Hence (26), (27),
(28) and (29) are satisfied and thus by Proposition 11(ii), (Tt)t>0 is conservative if there exists
a constant N > 0 such that µ(E4n ∖E2n) ≤ exp(2Nn2) for n≫ 1.
3.2 Sectorial perturbations of symmetric Dirichlet forms
In this subsection, we apply Theorem 9 to non-symmetric Dirichlet forms which are divergence
free perturbations of symmetric Dirichlet forms on Rd.
Let E = Rd and dµ = ϕdx where ϕ ∈ L1loc(Rd, dx), ϕ > 0 dx-a.e. Consider A = (aij) = (aji) ∈
L1loc(Rd, µ) ∩ L∞loc(Kc0, µ), 1 ≤ i, j ≤ d for some compact subset K0 in Rd and suppose for any
compact set K ⊂ Rd, there exists νK > 0 such that
νK ∣ξ∣2 ≤ ⟨A(x)ξ, ξ⟩ (32)
for all ξ ∈ Rd, µ-a.e. x ∈K. We assume that the symmetric bilinear form
E0(f, g) ∶= ∫
Rd
⟨A(x)∇f(x),∇g(x)⟩µ(dx), f, g ∈ C∞0 (Rd)
is closable on L2(Rd, µ). Then its closure (E0,D(E0)) is a symmetric strongly local regular Dirich-
let form. We further assume that B = (B1, ...,Bd) ∈ L2loc(Rd,Rd, µ) satisfies ∣B∣ ∈ L∞loc(Kc0, µ) and
∫
Rd
⟨B(x),∇f(x)⟩µ(dx) = 0 (33)
for any f ∈ C∞
0
(Rd) and there exists a constant C > 0 which is independent of f and g such that
∣∫
Rd
⟨B,∇f⟩gdµ∣ ≤ CE01(f, f)1/2E01(g, g)1/2 , (34)
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for any f, g ∈ C∞
0
(Rd). Consider the non-symmetric bilinear form
E(f, g) ∶= ∫ ⟨A(x)∇f(x),∇g(x)⟩µ(dx) −∫ ⟨B(x),∇f(x)⟩g(x)µ(dx), f, g ∈ C∞0 (Rd).
Then (E ,C∞
0
(Rd)) is closable on L2(Rd, µ) and by (33) and (34), the closure (E ,F) is a non-
symmetric Dirichlet form in the sense of [10, I. Definition 4.5]. By (32), (33) and (34), we obtain
∫
Rd
⟨B,∇v⟩dµ = 0, for any v ∈ Fb.
Let Vn = {z ∶ ∣z∣ < 4n}. As in Remark 5, we may define the part Dirichlet forms (En,Fn)
corresponding to the increasing sequence of relatively compact open sets (Vn)n≥1 where Fn ={u ∈ F ∶ ũ = 0 q.e. on V cn} (see [14, Section 3.5]). Denote the coform of (En,Fn) by (Ên,Fn)
and the associated semigroups of (Ên,Fn) by (T̂ nt )t>0 and the associated linear operators by(L̂n,D(L̂n)) on L2(Vn, µ). Then the coform (Ên,Fn) is also a non-symmetric Dirichlet form in
L2(Vn, µ) and
T̂tf = lim
n→∞ T̂
n
t f µ-a.e.
for any f ∈ L2(Rd, µ) where T̂ nt f ∶= T̂ nt (f ⋅1Vn). In particular, if f is non-negative, then T̂ nt f ↗ T̂tf
µ-a.e. as n→∞. (E ,F) satisfies (H1) with p = 2. Furthermore, for v ∈ D(L̂n)b
(−L̂nv,u) = E(u, v) = E0(u, v) + ∫
Rd
⟨B,∇v⟩udµ for any u ∈ Fb.
Putting D(N) = Floc,b and Nv = ⟨B,∇v⟩ imply that (4) and (H2) hold. Choose ρ(x) ∶= ∣x∣. Then
in the same way as in Example 12, we find that ρ ∈ Floc and by the assumptions on A and B,
we obtain ⟨A∇ρ,∇ρ⟩, ⟨B,∇ρ⟩ ∈ L∞loc(Kc0, µ),
hence (H3) holds. By [10, I. Corollary 2.21], (T̂ nt )t>0 is analytic on L2(Vn, µ), hence (H4) holds
(i.e. D0 = L∞(Rd, µ) ∩L2(Rd, µ)0).
3.2.1 Example
Consider the non-symmetric Dirichlet form introduced in [17, Section 5]. There ϕ is a Mucken-
houpt Aβ-weight, 1 ≤ β ≤ 2 with ϕ = ξ2, ξ ∈H1,2loc (Rd, dx), ϕ > 0 dx-a.e. and∣∇ϕ∣
ϕ
∈ Lp
loc
(Rd, dx)
where p = (d + ε) ∨ 2 for some ε > 0, H1,2(Rd, dx) is the usual Sobolev space of order one
in L2(Rd, dx) and H1,2
loc
(Rd, dx) ∶= {f ∶ f ⋅ χ ∈ H1,2(Rd, dx) for any χ ∈ C∞
0
(Rd)}. Thus the
symmetric bilinear form
E0(f, g) = ∫
Rd
⟨∇f(x),∇g(x)⟩µ(dx), f, g ∈ C∞0 (Rd)
is closable on L2(Rd, µ). Moreover in [17, Section 5] it is assumed that ∣B∣ ∈ LNloc(Rd, µ) ∩
L∞(Kc
0
, µ) for some compact set K0 and some constant N ≥ βd + log2A, where the constant A
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is the Aβ constant of ϕ. Then by [17, Section 5], (34) holds. The corresponding closure (E ,F)
satisfies (H1)-(H4) with D(N) = Floc,b, Nv = ⟨B,∇v⟩ and ρ(x) = ∣x∣ as in Example 12 and
D0 = L∞(Rd, µ) ∩L2(Rd, µ)0. In this situation, Γ(ρ, ρ) = 1 and
∣ ⟨B,∇ρ⟩
ρ
∣ ≤ ∥B∥L∞(Kc
0
,µ)
µ-a.e. on Kc where K is an arbitrary compact subset of Rd containing K0 and {x ∈ Rd ∶ ∣x∣ ≤ 1}.
Furthermore, since ϕ ∈ Aβ, we get by [26, Proposition 1.2.7] that there exists a constant N > 0
such that
µ(E4n) ≤ Nrβd.
Thus, for φ(r) ∶= r2
2
we obtain (cf. (23)) for n≫ 1
Ân(φ) ≤ (1 + 4n + ∥B∥L∞(Kc
0
,µ))Nrβd.
Consequently, (Tt)t>0 is conservative by Corollary 10(iii) and we recover the result of [17, Lemma
5.4].
3.3 Sectorial perturbations of sectorial Dirichlet forms
In this subsection, we show that Theorem 9 is also applicable to non-symmetric Dirichlet forms
with non-symmetric diffusion matrix. The key observation is that the anti-symmetric part of
the diffusion matrix becomes a µ-divergence free vector field after integration by parts.
Let E = Rd and dµ = ϕ2dx, ϕ ∈ H1,2
loc
(Rd, dx), ϕ > 0 dx-a.e. Let H1,2(Rd, µ) be the closure
of C∞
0
(Rd) in L2(Rd, µ) with respect to the norm (∫Rd(∣∇f ∣2 + f2)dµ)1/2 and
H
1,2
loc
(Rd, µ) ∶= {f ∶ f ⋅ χ ∈H1,2(Rd, µ) for any χ ∈ C∞0 (Rd)}.
Consider A = (aij) ∈ L1loc(Rd, µ), 1 ≤ i, j ≤ d with symmetric part Ã = (ãij), where ãij ∶=
1
2
(aij + aji) ∈ L∞loc(Kc0, µ) for some compact subset K0 in Rd and anti-symmetric part Aˇ = (aˇij),
where aˇij ∶= 12(aij − aji) ∈ H1,2loc (Rd, µ) ∩L∞loc(Rd, µ). Suppose for any compact set K ⊂ Rd, there
exist νK > 0 and L > 0, such that
max
1≤i,j≤dess supK
∣aˇij ∣ ≤ L ⋅ νK and νK ∣ξ∣2 ≤ ⟨Ã(x)ξ, ξ⟩
for all ξ ∈ Rd, µ-a.e. x ∈K. Assume that B = (B1, ...,Bd) ∈ L2loc(Rd,Rd, µ) satisfies
∫
Rd
⟨B,∇f⟩dµ = 0, (35)
for any f ∈ C∞
0
(Rd). Assume further that there exists a constant C > 0 such that
∣∫
Rd
⟨B,∇f⟩dµ∣ ≤ CEÃ1 (f, f)1/2EÃ1 (g, g)1/2
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for any f, g ∈ C∞
0
(Rd), where EÃ(f, g) ∶= ∫Rd⟨Ã∇f,∇g⟩dµ. Likewise define EAˇ(f, g) and EA(f, g)
and set
EA,B(f, g) ∶= EA(f, g) − ∫
Rd
⟨B,∇f⟩gdµ = ∫
Rd
⟨A∇f,∇g⟩dµ − ∫
Rd
⟨B,∇f⟩gdµ, f, g ∈ C∞0 (Rd).
Then (EA,B ,C∞
0
(Rd)) is closable on L2(Rd, µ) and its closure (EA,B,F) is a non-symmetric
sectorial regular Dirichlet form. Let (Tt)t>0 (resp. (T̂t)t>0) be the C0-semigroup of contractions
on L2(Rd, µ) associated with (EA,B,F), and (L,D(L)) (resp. (L̂,D(L̂)) be the corresponding
linear operator (resp. co-operator). For f, g ∈ C∞
0
(Rd), we obtain by integration by parts
EAˇ(f, g) −∫
Rd
⟨B,∇f⟩gdµ = − d∑
i,j
∫
Rd
[aˇij∂i∂jf + (∂j aˇij + aˇij 2∂jϕ
ϕ
+Bi)∂if]gϕ2dx
= −
d∑
i=1
∫
Rd
⎡⎢⎢⎢⎢⎣
d∑
j=1
(∂j aˇij + aˇij 2∂jϕ
ϕ
+Bi)⎤⎥⎥⎥⎥⎦´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
=∶βi
∂ifgϕ
2dx (36)
where β = (β1, ..., βd) ∈ L2loc(Rd,Rd, µ) is again a µ-divergence free vector field. Indeed, for
f ∈ C∞
0
(Rd), we get by (35)
∫
Rd
⟨β,∇f⟩dµ = d∑
i=1
∫
Rd
⎡⎢⎢⎢⎢⎣
d∑
j=1
(∂j aˇij + aˇij 2∂jϕ
ϕ
)⎤⎥⎥⎥⎥⎦∂ifϕ2dx = −∫Rd
d∑
i,j
aˇij∂i∂jfϕ
2dx = 0.
Moreover, by (36) and since EAˇ satisfies the strong sector condition, there is a constant C > 0
such that
∣∫
Rd
⟨β −B,∇f⟩gdµ∣ = ∣EAˇ(f, g)∣ ≤ CEÃ1 (f, f)1/2EÃ1 (g, g)1/2 for any f, g ∈ C∞0 (Rd),
hence ∣∫Rd⟨β,∇f⟩gdµ∣ ≤ CEÃ1 (f, f)1/2EÃ1 (g, g)1/2 for some constant C > 0. It follows that B and
β satisfy the same assumptions and that
EA,B(f, g) = EÃ(f, g) − ∫
Rd
⟨β,∇f⟩gdµ =∶ EÃ,β(f, g)
for any f, g ∈ C∞
0
(Rd). Therefore, the closures of (EA,B,C∞
0
(Rd)) and (EÃ,β,C∞
0
(Rd)) are iden-
tical and define the same Dirichlet form. We now assume that ∣β∣ ∈ L∞loc(Kc0, µ).
Let Vn = E4n = {z ∶ ∣z∣ < 4n}. Then (Vn)n≥1 is a sequence of relatively compact open sets. As
in subsection 3.2, let (En,Fn) be the part Dirichlet forms on L2(Vn, µ) of (EÃ,β,F) (see [14,
Section 3.5]). Let (Ên,Fn) be the coform of (En,Fn), (T̂ nt )t>0 be the associated semigroups of(Ên,Fn) and (L̂n,D(L̂n)) be the associated linear operators on L2(Vn, µ). Then
T̂tf = lim
n→∞ T̂
n
t f µ-a.e.
for any f ∈ L2(Rd, µ) where T̂ nt f ∶= T̂ nt (f ⋅1Vn). In particular, if f is non-negative, then T̂ nt f ↗ T̂tf
µ-a.e. as n→∞. (EÃ,β,F) satisfies (H1) with p = 2. Furthermore, for v ∈ D(L̂n)b,
(−L̂nv,u) = EÃ,−β(u, v) = EÃ(u, v) + ∫
Rd
⟨β,∇v⟩udµ, for any u ∈ Fb.
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Putting D(N) = Floc,b and Nv = ⟨β,∇v⟩ imply that (4) and (H2) hold with (E0,D(E0)) =(EÃ,F). Let ρ(x) ∶= ∣x∣ then ρ ∈ Floc as in Example 12. We further obtain by the assumptions
on Ã and β, that ⟨Ã∇ρ,∇ρ⟩, ⟨β,∇ρ⟩ ∈ L∞loc(Kc0, µ).
Hence (H3) holds. Since (Ên,Fn) satisfies the weak sector condition for each n ≥ 1, (T̂ nt )t>0 are
analytic, i.e. (H4) holds. Consequently, by Corollary 10(i) with φ(r) ∶= C log(r + 1), ρ(x) = ∣x∣, if
there are constants M,C > 0, and 0 < α < 1 such thatRRRRRRRRRRR
⟨Ã(x)x,x⟩∣x∣2 + (∣x∣ + 1)C ∣x∣ ⟨β(x), x⟩
RRRRRRRRRRR ≤M(∣x∣ + 1)2 log(∣x∣ + 1), (37)
dx-a.e. outside some compact subset K of Rd with K ⊃K0 and
Ân(φ) ≤ n(n + 1)αC (38)
for n≫ 1, then (Tt)t>0 is conservative.
3.3.1 Example
The sufficient criteria (37) and (38) for conservativeness extend the result of [25] in the sense
that we can also consider invariant measures µ = ϕ2dx where ϕ ≢ 1. In this example, we show
that we can also recover the result of [25] to some extend in case ϕ ≡ 1.
Let d ≥ 3 and ϕ2 ≡ 1, i.e. µ is the Lebesgue measure. Assume further that for B = (B1, ...,Bd) ∈
Ldloc(Rd,Rd, dx), there exist constants Li > 0, such that for 1 ≤ i ≤ d
min{∥B2i ∥L∞(En), ∥Bi∥Ld(En)} ≤ LiνEn .
Then by [25, Section 2], (EA,B,C∞
0
(Rd)) is closable on L2(Rd, dx) and the closure (EA,B ,F)
satisfies the weak sector condition. Thus, we are able to apply (37) and (38) to (EA,B ,F) in
order to determine the conservativeness. For instance, if there exists a constantM0 > 1 such that
⟨Ã(x)x,x⟩∣x∣2 + ∣⟨β(x), x⟩∣ ≤M0(∣x∣ + 1)2 log(∣x∣ + 1) (39)
µ-a.e. outside some compact subset K of Rd with K ⊃ K0 ∪ {x ∶ ∣x∣ ≤ 1}, then (EA,B,F) is
conservative. Indeed, by (39)
∣ ⟨Ã(x)x,x⟩∣x∣2 + (∣x∣ + 1)C ∣x∣ ⟨β(x), x⟩∣ ≤M0 (1 + 2C ) (∣x∣ + 1)2 log(∣x∣ + 1) (40)
and ∣ ⟨β(x), x⟩∣x∣ ∣ ≤M0(∣x∣ + 1)2 (41)
µ-a.e. on Kc. Let φ(r) ∶= C log(r + 1) where the constant C > 0 will be chosen later. It follows
from (39), (40) and (41) that
Ân(φ) = (√an + bn)µ(E4n ∖E2n)1/2 + ⎛⎝∫E4n∖E2n ∣ ⟨β(x), x⟩∣x∣ ∣
2
dx
⎞⎠
1/2
≤M ′nd/2+2
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for some constant M ′ > 0. Consequently, putting C = d
2
+ 3, M = M0(1 + 2C ) and α = C−1C
implies there are constants M,C > 0, and 0 < α < 1 such that (37) and (38) hold and (Tt)t>0 is
conservative.
REMARK 14 Compared with the estimate [25, p. 422], (39) is a slightly stronger condition.
Our aim was to demonstrate how quickly Corollary 10 can lead to acceptable results. Later, by
applying Corollary 10 more consciously we will see that ∣ ⟨Ã(x)x,x⟩∣x∣2 ∣ in (37) is allowed to have a
large growth if ⟨β(x), x⟩ can compensate it (see Examples 4.2.1 and 4.2.2 below).
4 Non-sectorial applications on Euclidean space
In this section, we consider non-sectorial perturbations of symmetric Dirichlet forms on Eu-
clidean space as introduced in [6]. For the convenience of the reader, we explain in concise
form the construction of the underlying generalized Dirichlet form from [6], how the constructed
generalized Dirichlet fits into the frame of section 2, as well as some of its main properties. Subse-
quently, we apply the conservativeness criterion of section 2 to the concrete situation and present
explicit examples.
4.1 The construction scheme
Let E ⊂ Rd be either open or closed. If E is closed, we assume dx(∂E) = 0 where E is
the disjoint union of its interior E0 and its boundary ∂E. Let ϕ ∈ L1loc(E,dx) with ϕ >
0 dx-a.e. and dµ ∶= ϕdx. Then µ is a σ-finite measure on B(E) and has full support. Let
C∞
0
(E) be the set of infinitely often differentiable functions with compact support in E if
E is open and C∞
0
(E) ∶= {u ∈ E Ð→ R ∶ ∃v ∈ C∞
0
(Rd) with v = u on E} if E is closed.
Consider A = (aij) = (aji) ∈ L1loc(E,µ), 1 ≤ i, j ≤ d and suppose for each relatively compact open
set V ⊂ E, there exists νV > 0 such that
ν−1V ∣ξ∣2 ≤ ⟨A(x)ξ, ξ⟩ ≤ νV ∣ξ∣2 (42)
for all ξ ∈ Rd, µ-a.e. x ∈ V . We assume that
E0(f, g) ∶= ∫
E
⟨A(x)∇f(x),∇g(x)⟩µ(dx), f, g ∈ C∞0 (E)
is closable on L2(E,µ). Denote the closure of (E0,C∞
0
(E)) on L2(E,µ) by (E0,D(E0)). Then(E0,D(E0)) is a symmetric regular Dirichlet form on L2(E,µ). Let (L0,D(L0)) be the linear
operator corresponding to (E0,D(E0)) on L2(E,µ) and (T 0t )t>0 be the C0-semigroup corre-
sponding to (L0,D(L0)).
Let B ∶= (B1, . . . ,Bd) ∈ L2loc(E,Rd, µ) satisfy
∫
E
⟨B(x),∇f(x)⟩µ(dx) = 0
for any f ∈ C∞
0
(E).
The following construction from [6] works for any increasing sequence of relatively compact open
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sets (Vn)n≥1 in E such that V n ⊂ Vn+1, n ≥ 1, and ∪n≥1Vn = E. Since we need to assume (H3)
later and want to simplify notations we assume from now on that
(B) there exists a non-negative continuous function ρ ∈D(E0)loc such that
En ∶= {x ∈ E ∶ ρ(x) < n}
is a relatively compact open set in E and ∪n≥1En = E and ⟨B,∇ρ⟩ ∈ L∞loc(Kc0, µ) for some
compact subset K0 in E.
Let
Vn ∶= E4n, n ≥ 1.
Then (Vn)n≥1 is an increasing sequence of relatively compact open sets in E such that V n ⊂ Vn+1
and ∪n≥1Vn = E. Let C∞0 (Vn) ∶= {u ∈ C∞0 (E) ∶ supp(u) ⊂ Vn} and (E0,n,D(E0,n)) be the
symmetric Dirichlet form on L2(Vn, µ) given as the closure of
E0,n(f, g) ∶= ∫
Vn
⟨A(x)∇f(x),∇g(x)⟩µ(dx), f, g ∈ C∞0 (Vn).
Let (L0,n,D(L0,n)) be the closed linear operator on L2(Vn, µ) associated with (E0,n,D(E0,n)).
Then, by [6, Section 4] (cf. also [21, Proposition 1.1]), there exists a closed linear operator(Ln,D(Ln)) on L1(Vn, µ) which is the closure of
L0,nu + ⟨B,∇u⟩, u ∈ D(L0,n)b
on L1(Vn, µ) and which generates a sub-Markovian C0-semigroup of contractions on L1(Vn, µ).
Let (Ln,D(Ln)) be the part of (Ln,D(Ln)) on L2(Vn, µ) and (T nt )t>0 be its sub-Markovian
C0-semigroup on L
2(Vn, µ). Then D(Ln) ⊂D(E0,n) can be seen as in [21, proof of Lemma 3.1].
Proceeding in the same way as just explained, there exists a linear operator (L̂n,D(L̂n)) on
L1(Vn, µ) which is the closure of
L0,nv − ⟨B,∇v⟩, v ∈ D(L0,n)b
on L1(Vn, µ) and which satisfies D(L̂n)b ⊂D(E0,n)b
−∫
Vn
L̂nvvdµ = E0,n(v, v)
and
−∫
Vn
L̂nvudµ = E0(u, v) + ∫
Vn
⟨B,∇v⟩udµ (43)
for any v ∈ D(L̂n)b and u ∈ D(E0,n)b. Let (T̂ nt )t>0 be the C0-semigroup of contractions on
L1(Vn, µ) corresponding to (L̂n,D(L̂n)). Let (Gnα)α>0 (resp. (Ĝnα)α>0) be the resolvent of (T nt )t>0
(resp. (T̂ nt )t>0) on L2(Vn, µ) (resp. L1(Vn, µ)).
Define for f ∈ L2(E,µ),
Gnαf ∶= Gnα(f ⋅ 1Vn), α > 0.
Then (Gnα)α>0, n ≥ 1, gives rise to a sub-Markovian C0-resolvent of contractions on L2(E,µ).
Indeed, let f ∈ L2(E,µ)b, with f ≥ 0 µ-a.e. and α > 0. Let wα ∶= Gnαf −Gn+1α f . Then wα,w+α,w−α ∈
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D(E0,n+1)b ⊂ D(E0) but also w+α ∈ D(E0,n)b since limk→∞(vk −Gn+1α f)+ = w+α weakly in D(E0,n)
for any sequence (vk)k≥1 ⊂ C∞0 (Vn) such that limk→∞ vk = Gnαf strongly in D(E0,n). Since
E0(w+α,w−α) = E0(w+α,w+α −wα) = −E0((−wα) ∧ 0, (−wα) − (−wα) ∧ 0) ≤ 0
and
∫
Vn+1
⟨B,∇wα⟩w+αdµ = ∫
Vn+1
⟨B,∇w+α⟩w+αdµ = 0,
using in particular the dual version of (43), we get
E0α(w+α,w+α) ≤ E0α(wα,w+α) − ∫
Vn+1
⟨B,∇wα⟩w+αdµ
= ∫
Vn+1
(α −Ln)Gnαfw+αdµ − ∫
Vn+1
(α −Ln+1)Gn+1α fw+αdµ = 0.
Thus w+α = 0 µ-a.e., i.e. Gnαf ≤ Gn+1α f µ-a.e. (cf. [21, Lemma 1.6]). Define for f ∈ L2(E,µ)b, with
f ≥ 0 µ-a.e.
Gαf ∶= lim
n→∞G
n
αf.
Let f ∈ L2(E,µ), f ≥ 0 and (fn)n≥1 ⊂ L2(E,µ)b with 0 ≤ fn ≤ fn+1 µ-a.e. for every n ≥ 1 be such
that fn → f in L
2(E,µ) as n→∞. Then
Gαf ∶= lim
n→∞Gαfn
exists µ-a.e. since it is an increasing sequence. For general f ∈ L2(E,µ), let Gαf ∶= Gαf+−Gαf−.
By [6] one can see (Gα)α>0 is a sub-Markovian C0-resolvent of contractions on L2(E,µ) provided
(C) D(L0)0,b is a dense subset of L1(E,µ),
which we assume from now on. Let (L,D(L)) be the generator of (Gα)α>0 and (Tt)t>0 be the
C0-semigroup associated with (L,D(L)). Let (L̂,D(L̂)) be the adjoint operator of (L,D(L))
and (T̂t)t>0 (resp. (Ĝα)α>0) be the C0-semigroup (resp. C0-resolvent) associated with (L̂,D(L̂)).
Then, we obtain a generalized Dirichlet form E defined by
E(u, v) ∶= ⎧⎪⎪⎨⎪⎪⎩
(−Lu, v) u ∈ D(L), v ∈ L2(E,µ)(−L̂v, u) u ∈ L2(E,µ), v ∈ D(L̂),
satisfying D(L) ⊂D(E0),
E(u, v) = E0(u, v) − ∫
E
⟨B,∇u⟩vdµ, u ∈D(L)b, v ∈D(E0,n)b
for some n ≥ 1 and
E0(u,u) ≤ E(u,u), u ∈ D(L),
i.e. A ≡ 0 on V = L2(E,µ) in the beginning of section 2.
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4.2 Conservativeness
By construction (T̂t)t>0 satisfies
T̂tf = lim
n→∞ T̂
n
t (f ⋅ 1Vn)
for any f ∈ L1(E,µ) ∩L∞(E,µ). Thus, (H1) holds with p = 1. Let D(N) =D(E0)loc,b. Putting
Nv ∶= ⟨B,∇v⟩
then by (43), (H2) holds. By assumption (B), (H3) holds. By construction of (L̂n,D(L̂n)),
f ∈ D(L̂n) whenever f ∈ D(L0)0,b for n ≥ kf ,
i.e. (C) implies that (A) holds. Since
D(L0)0,b ⊂D0 = {f ∶ f ∈ L∞(E,µ)∩L2(E,µ)0 such that T̂ ns f ∈D(L̂n), for any n ≥ kf , s ∈ [0, t]},
(C) also implies (H4). Thus, under the assumptions (B) and (C), Corollary 10 applies with
Γ(ρ, ρ) = ⟨A∇ρ,∇ρ⟩, N(ρ) = ⟨B,∇ρ⟩, ρ as in (B). This gives the following corollary. Recall that
in the present situation
Ân(φ) = (√ ess sup
E4n∖E2n
⟨A∇ρ,∇ρ⟩ + ess sup
E4n∖E2n
φ′(ρ)⟨A∇ρ,∇ρ⟩) (∫
E4n∖E2n
ϕ(x)dx)1/2
+∥⟨B,∇ρ⟩∥L2(E4n∖E2n,µ).
COROLLARY 15 Assume (B) and (C) and the basic assumptions on ϕ, A, B of subsection
4.1.
(i) Assume there are constants M,C > 0, 0 < α < 1 and 0 ≤ β < 2 such that
∣⟨A∇ρ,∇ρ⟩ + (ρ + 1)⟨B,∇ρ⟩
C(2 − β)(log(ρ + 1))1−β ∣ ≤M(ρ + 1)2(log(ρ + 1))β ,
µ-a.e. outside some arbitrary compact subset K of E with K ⊃K0 and
Ân(φ) ≤ n exp(αC (log(n + 1))2−β), φ(r) = C(log(r + 1))2−β ,
for n≫ 1. Then (Tt)t>0 is conservative.
(ii) Assume there are constants M,C > 0 and 0 < α < 1
∣⟨A∇ρ,∇ρ⟩ + 1
C
(ρ + 1)(log(ρ + 1))⟨B,∇ρ⟩∣ ≤M(ρ + 1)2(log(ρ + 1))2,
µ-a.e. outside some arbitrary compact subset K of E with K ⊃K0 and
Ân(φ) ≤ n log(n + 1)Cα, φ(r) = C log(log(r + 1) + 1)
for n≫ 1. Then (Tt)t>0 is conservative.
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(iii) Assume that there are constants M,C > 0 and 0 < α < 2 such that
∣⟨A∇ρ,∇ρ⟩ + ⟨B,∇ρ⟩
Cρ
∣ ≤M
µ-a.e. outside some arbitrary compact subset K of E with K ⊃K0 and
Ân(φ) ≤ n exp(αCn2), φ(r) = Cr2
2
for n≫ 1. Then (Tt)t>0 is conservative.
4.2.1 Example one
We first consider a multi-dimensional example where a large variance is compensated by a strong
anti-symmetric part of the drift.
Let E = R2 and dµ = ϕdx, where ϕ = ξ2 with ξ ∈H1,2
loc
(Rd, dx), ξ > 0 dx-a.e. is such that
ϕ(x) = 1
5
∣x∣(∣x∣ + 1), µ-a.e. x ∈Kc
where K is a compact subset of R2. Assume that A = (aij) = (aji) ∈ H1,2loc (R2, µ), 1 ≤ i, j ≤ 2 is
locally strictly elliptic (see (42)). Then the symmetric bilinear form
E0(f, g) ∶= ∫
R2
⟨A(x)∇f(x),∇g(x)⟩µ(dx), f, g ∈ C∞0 (R2)
is closable on L2(R2, µ) by [10, I. Proposition 3.3]. We further assume
∣a11(x)∣, ∣a12(x)∣ ≤M0(∣x∣ + 1)2 log(∣x∣ + 1),
µ-a.e. x ∈Kc for some constant M0 > 0 and
a22(x) = x41
x2
, µ-a.e. x ∈Kc
where x = (x1, x2) ∈ R2. Because of the large a22(x), (E0,D(E0)) does not satisfy (30). Let
B(x) ∶= 1
ϕ(x)(x22,−x41). ThenB ∈ L2loc(R2,R2, µ) and ∣B∣ ∈ L∞loc(Kc, µ). SinceB(x) = 1ϕ(∂2h,−∂1h),
where h(x) = 1
5
x5
1
+ 1
3
x3
2
∈ C∞(R2),
∫
R2
⟨B,∇f⟩dµ = ∫
R2
(∂2h∂1f − ∂1h∂2f)dx = 0, for any f ∈ C∞0 (R2).
Then by the construction scheme of 4.1, we obtain a generalized Dirichlet form E given as an
extension of
∫
R2
⟨A(x)∇f(x),∇g(x)⟩µ(dx)−∫
R2
⟨B(x),∇f(x)⟩g(x)µ(dx), f, g ∈ C∞0 (R2)∩D(L0) = C∞0 (R2).
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As we have seen in subsection 4.1, (H1) and (H2) hold with p = 1, D(N) = D(E0)loc,b and
Nv = ⟨B,∇v⟩. Let ρ(x) ∶= ∣x∣. Then ρ ∈ D(E0)loc and we obtain
⟨A∇ρ,∇ρ⟩, ⟨B,∇ρ⟩ ∈ L∞loc(Kc, µ),
hence (H3) holds. Since C∞
0
(R2) ⊂D(L0)0,b, (C) holds (i.e. (H4) holds). For x ∈Kc, it holds
∣⟨A(x)∇∣x∣,∇∣x∣⟩ + (∣x∣ + 1)
5
⟨B(x),∇∣x∣⟩∣ = 1∣x∣2 ∣a11(x)x21 + 2a12(x)x1x2 + a22(x)x22 + x1x22 − x41x2∣
= 1∣x∣2 ∣a11(x)x21 + 2a12(x)x1x2 + x1x22∣
≤M(∣x∣ + 1)2 log(∣x∣ + 1)
for some constant M > 0. Let
φ(r) ∶= 5 log(r + 1),
i.e. C = 5 and β = 1 in Corollary 15. Then we obtain for n≫ 1, and some positive constant N
an ≤ Nn4, bn ≤Nn3, ∥⟨B,∇ρ⟩∥L2(E4n∖E2n,µ) ≤ Nn4,
which implies
Ân(φ) ≤ Nn4.
Now choose α = 4
5
in Corollary 15 and obtain that (Tt)t>0 is conservative.
4.2.2 Example two
Let d = 1 and dµ = ϕdx where
ϕ(x) ∶= ⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 if x > −1,
1∣x∣3 if x ≤ −1.
Then ϕ ∈ L1loc(R, dx) and µ is a σ-finite(not finite) measure on B(R). Let
A(x) ∶= ⎧⎪⎪⎪⎨⎪⎪⎪⎩
(x +√2)2 if x ≥ 0,
x4 − x3 + 6
3
if x < 0.
Let (E0,D(E0)) be the symmetric Dirichlet form on L2(R, µ), which is the closure of (E0,C∞
0
(R))
on L2(R, µ) defined by
E0(f, g) ∶= ∫
R
A(x)f ′(x)g′(x)µ(dx), f, g ∈ C∞0 (R).
Let d be the metric induced by Euclidean norm, i.e. d(x, y) = ∣x−y∣. Put ρ(x) ∶= d(x) = ∣x∣. Since
Γ(ρ, ρ)(x) = A(x)(ρ′(x))2 = A(x), the first condition (30) in Corollary 15 can not hold. Let dint
be the intrinsic metric, i.e.
dint(x, y) ∶= sup{u(x) − u(y) ∶ u ∈ D(E0)loc ∩C(R), Γ(u,u) ≤ 1 on R} .
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Then we obtain that
dint(x, y) = RRRRRRRRRRR∫
y
x
1√
A(z)dz
RRRRRRRRRRR .
Indeed, let us fix y ∈ R, then
u(x) ∶= RRRRRRRRRRR∫
y
x
1√
A(z)dz
RRRRRRRRRRR ∈D(E0)loc ∩C(R)
satisfies u(y) = 0 and Γ(u,u) = A ⋅(u′)2 = 1. By definition of dint, dint(x, y) ≥ u(x). Suppose that
dint(x, y) > u(x), then there exists v ∈ D(E0)loc ∩C(R) such that Γ(v, v) ≤ 1 and v(x) − v(y) >
u(x) − u(y). However Γ(v, v) ≤ 1 implies that
− 1√
A
≤ v′ ≤ 1√
A
,
which further implies the contradiction v(x) − v(y) ≤ u(x) − u(y).
We have ∫ 0−∞ 1√A(z)dz < ∞, so (−∞,0) ⊂ BdintR for some R > 0. In other words, the ball BdintR
induced by the metric dint is not a relatively compact set in R. Thus assumption (A) in [20]
does not hold and we also can not apply [20, Theorem 4] to determine the conservativeness of
(E0,D(E0)). However, by a scale function argument, we may show that (E0,D(E0)) is conser-
vative. Indeed, since Aϕ is continuous and strictly positive,
h(x) ∶= ∫ x
0
1
A(y)ϕ(y)dy
is well-defined and satisfies
E0(h, g) = 0 for any g ∈ C∞0 (R)
which implies that h is harmonic, i.e. L0h = 0. Thus we may regard h as canonical scale and
1
h′A
dx = ϕdx as the corresponding speed measure. Define
Φ(x) ∶= ∫ x
0
(h(x) − h(y))ϕ(y)dy.
Then by Feller’s test for non-explosion (see for instane [12, Chapter 3.6]), (E0,D(E0)) is con-
servative, if and only if
lim
x→∞Φ(x) = limx→−∞Φ(x) =∞.
If x ≥ 0, then ϕ(x) ≡ 1 and
Φ(x) = xh(x) − ∫ x
0
h(y)dy = ∫ x
0
h′(y)ydy = ∫ x
0
y(y +√2)2dy →∞
as x→∞. In case x < −1, then
h(x) = c1 + ∫ x−1 −3y3y4 − y3 + 6dy = c1 − ∫ −x1 3y3y4 + y3 + 6dy
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for some constant c1, hence h(x) ≤ −38 log(−x) + c1 and limx→−∞ h(x) = −∞. Furthermore, for
x < −1
Φ(x) = ∫ x
0
(h(x) − h(y))ϕ(y)dy = h(x)(c2 + ∫ x−1 ϕ(y)dy) + c3 − ∫ x−1 h(y)ϕ(y)dy
= h(x)(c2 + ∫ x−1 1−y3dy) + c3 − ∫ x−1 h(y)−y3 dy
≥ h(x)(c2 + 1
2x2
− 1
2
) + c3 + ∫ x−1 −3 log(−y) + 8c18y3 dy
where c2 < 0, c3 > 0 are some constants. Thus, limx→−∞Φ(x) =∞. Consequently, (E0,D(E0)) is
conservative.
Let B(x) ∶= 1
ϕ(x) . Then ∣B∣ ∈ L2loc(R, µ) and satisfies
∫
R
B(x)f ′(x)µ(dx) = ∫
R
f ′(x)dx = 0
for any f ∈ C∞
0
(R). Consequently, by the construction scheme of subsection 4.1, we can construct
a generalized Dirichlet form E given as an extension of
∫
R
A(x)f ′(x)g′(x)µ(dx) − ∫
R
B(x)f ′(x)g(x)µ(dx) f, g ∈ C∞0 (R).
Let ρ(x) = ∣x∣. Then in the same way as in Example 4.2.1, we can obtain (H1)-(H4). If x ≥ 1,
then ∣A(x) + (∣x∣ + 1)
3
⟨B(x), x∣x∣ ⟩∣ ≤ ∣(x +√2)2 + 13(x + 1)∣
and if x ≤ −1, then
∣A(x) + (∣x∣ + 1)
3
⟨B(x), x∣x∣ ⟩∣ = 2.
Consequently,
∣A(x) + (∣x∣ + 1)
3
⟨B(x), x∣x∣ ⟩∣ ≤M(∣x∣ + 1)2,
where M > 0 is constant, i.e. C = 3, β = 1 and φ(r) ∶= 3 log(r + 1) in Corollary 15. Furthermore,
for n≫ 1,
Ân(φ) ≤ Nn 72
where N > 0 is some constant depending on T > 0. Now choose α ∶= 5
6
in Corollary 15 and obtain
that (Tt)t>0 is conservative.
REMARK 16 Since the above example is an example for a diffusion in R, we are able to sym-
metrize E as done in [5, 3.2.2], i.e. there is a symmetric Dirichlet form (Ẽ ,D(Ẽ)) in L2(R, µ̃)
whose semigroup is locally equal to the semigroup (Tt)t>0 of E. Indeed, (Ẽ ,D(Ẽ)) can be expressed
as the following form
Ẽ(f, g) = ∫
R
A(x)f ′(x)g′(x)dµ̃
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where dµ̃ = ϕ̃dx and ϕ̃(x) = exp (∫ x0 ϕ′ϕ (s) + BA(s)ds). By the same reason as for (E0,D(E0)) in
the example above, we can not apply [20, Theorem 4] to determine the conservativeness of Ẽ.
However, by our results on the non-symmetric realization E of Ẽ we obtain that (Ẽ ,D(Ẽ)) is
conservative.
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